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Linear reactive control of three-
dimensional bipedal walking in the
presence of noise and uncertainty

Mark A Locascio1, Joseph H Solomon1 and Mitra JZ Hartmann2

Abstract
Walking control of biped robots is a challenging problem, and improving robustness to noise and uncertainty remains dif-
ficult. We recently developed a novel control framework for 3D bipedal walking that we call ‘‘linear reactive control.’’ It
is linear because control torques are computed as simple weighted sums of sensor states. It is reactive because it
depends only on the model’s current state. The present simulation study shows that this controller performs reliably in
the presence of realistic models of joint actuation, sensor noise, and uncertainty in model and contact parameters. The
controller is able to maintain a stable gait in the presence of noisy sensor inputs and low-impedance actuation. It also
performs reliably on models with high uncertainty (up to 20%) in measurements of their dynamic parameters and widely
varying ground contact parameters. The robustness of this controller to realistic conditions validates this method as a
promising avenue for bipedal control.
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1 Introduction

Despite advances in robotic bipedal locomotion in
recent years, state-of-the-art prototypes remain unable
to accommodate significant noise and environmental
uncertainty. Control schemes for bipedal locomotion
broadly include time based kinematic control, particu-
larly zero moment point (ZMP) methods (Jung-Hoon,
Jung-Yup, & Jun-Ho, 2010; Kajita, Nagasaki, Kaneko,
& Hirukawa, 2007; Sakagami, Watanabe, Aoyama,
Matsunaga, Higaki, & Fujimura, 2002), as well as more
sophisticated hybrid zero dynamics and virtual con-
straint methods (Westervelt, Grizzle, & Koditschek,
2003). Each of these control methods has distinct
advantages, but there remain limitations in the ability
to generate robust 3D walking in the presence of envi-
ronmental uncertainty.

The emerging field of evolutionary robotics (Nolfi &
Floreano, 2000) provides an alternative approach to
the development of stable bipedal walking controllers.
We recently used this approach to develop a novel,
‘‘linear reactive’’ controller for biped locomotion over
rough terrain (Solomon, Locascio, & Hartmann, sub-
mitted; Solomon, Wisse, & Hartmann, 2010). In these
simulations, there are no mathematical constraints on
the control scheme, no a priori knowledge of the terrain
topology, and the trajectories are not pre-planned in

any way. Control torques are simply computed as
weighted linear sums of sensor states. Weights are
evolved over thousands of learning trials to allow sta-
ble, efficient locomotion without any high-level beha-
vioral constraints. Notably, the control is purely
reactive, that is, control torques are calculated based
only on the current state of the robot, not on any hid-
den variables or a pre-computed trajectory.

Machine-learning approaches that involve simula-
tions, however, often suffer from the ‘‘reality gap’’
problem, wherein behaviors learned in simulation differ
drastically from those observed in hardware when the
controller is transferred (Jakobi, Husbands, & Harvey,
1995; Zagal & Ruiz-del-Solar, 2007). In the case of
inherently unstable systems such as bipedal walking
robots, the likely result is an immediate fall.

The propensity to fall makes investigations of the
‘‘reality gap’’ problem very difficult in hardware.
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A good first step is to use simulations, showing that
they can work within the ‘‘radical envelope of noise’’
proposed by Jakobi (1997). These types of simulations
are one component of an approach to solving the ‘‘real-
ity gap’’ problem. The goal of the present work was to
construct simulations and heuristic procedures for tun-
ing locomotion controllers to operate successfully any-
where within the ‘‘envelope of noise.’’ In other words,
we aim to show that the controller can operate with
realistic actuation, and can successfully overcome sen-
sor noise and uncertainty in model parameters and ter-
rain compliance. Our results show stable walking of a
simulated 3D biped over slightly rough terrain even in
the presence of significant sensor noise and model
uncertainty. This type of approach could potentially be
useful in solving the ‘‘reality gap’’ problem (Jakobi et
al., 1995; Zagal et al., 2007).

2 Background

Stable 3D bipedal walking is a difficult control prob-
lem. Several commercially available bipeds can walk
under time-based kinematic control, but they tend to
have inefficient and unnatural gaits. Honda’s ASIMO
(Sakagami et al., 2002) is typically cited as the state-of-
the-art in bipedal robotics, as it performs well on flat
or nearly flat terrain, and on pre-programmed floor
plans. ASIMO, like many bipeds (Jung-Hoon et al.,
2010; Kajita et al., 2007; Sakagami et al., 2002), uses a
zero moment point (ZMP) control scheme. In ZMP-
based methods, joint trajectories may be planned such
that the ZMP is kept away from the edges of the sup-
port polygon of the feet. If a perturbation disturbs the
ZMP, moving it toward an edge of the polygon, a rota-
tion about that edge will occur unless a corrective
action is taken to stabilize the ZMP (Vukobratovic &
Borovac, 2004). The successes of such methods have
been impressive, as this framework gives the designer
of the trajectories considerable flexibility. However,
these controllers are still sensitive to the environment
and terrain (or use future-reference-based preview con-
trol; Kajita et al., 2003), requiring flat foot contact sur-
faces. It also requires strong positional control, and
trajectories designed to avoid kinematic singularities
such as full knee extension (Kuo, 2007). These singula-
rities may be advantageous to walking, and their exclu-
sion (along with the other constraints) results in a
characteristic rigid, unnatural, inefficient walking style.
Nevertheless, the maneuverability and versatility of
ZMP-based methods is largely unparalleled.

Reduced biped models, including the classic
compass-gait walking model (Byl & Tedrake, 2009;
Goswami, Thuilot, & Espiau, 1998) and 3D bipeds sup-
ported by a boom (Iida, Rummel, & Seyfarth, 2008;
Manoonpong, Geng, Kulvicius, Porr, & Worgotter,
2007), are also frequently used to develop or investigate

control methods. These models often walk well, even
on rough terrain (Iida & Tedrake, 2010), and are valu-
able for developing and gaining insight into the mathe-
matical underpinnings of bipedal gait. Because they
lack several degrees of freedom, however, these models
generally do not address certain important control
issues such as foot actuation and lateral stability.

Dynamic walkers (Collins, Ruina, Tedrake, & Wisse,
2005; Collins, Wisse, & Ruina, 2001; McGeer, 1990)
adhere more closely to humanoid design by exploiting
the natural dynamics of swinging limbs. Many of these
robots also use bio-inspired actuators including elastic
‘‘tendons’’ that introduce compliance in the system
(Grizzle, Hurst, Morris, Park, & Sreenath, 2009; Iida et
al., 2008; Kuo & Chiou, 2009). They are capable of
walking efficiently and stably with a natural-looking
gait (Collins et al., 2005; G. A. Pratt, 2002), but their
reliance on passive dynamics makes them very sensitive
to environmental disturbances, while their compliant
actuators make control more difficult by traditional
methods.

Previous work has recognized the potential of simple
network models for sensorimotor control, but has
shown only that such methods are feasible, and has not
imposed significant noise or environmental uncertainty.
For example, Reil and Husbands developed a feedfor-
ward control scheme based on central pattern genera-
tors that enables 3D walking on flat terrain in
simulation (Reil & Husbands, 2002). Ono et al. devel-
oped a simple but effective control scheme in which the
applied hip torque is proportional to the swing knee
angle and the knee joint is linearly damped, allowing a
2D robotic prototype to traverse a shallow slope (Ono,
2001). Paul used a two-layer feedforward neural net-
work with nonlinear activation functions and an incom-
plete state vector (no velocities) as the input to achieve
simulated 3D walking on flat ground (Paul, 2005).
Manoonpong et al. use a hierarchical, feedforward
(reactive) neural network control model with an online
learning mechanism to allow a 2D robot (supported
by a boom) to traverse terrain with variable slopes
(Manoonpong et al., 2007). Vaughan’s work was similar
to ours, but used a multilayer perceptron with nonlinear
activation functions for control, and central pattern
generators to regulate the gait. His controller was also
capable of tolerating some variability in the dynamic
parameters (Vaughan, Di Paolo, & Harvey, 2004). One
significant issue that was encountered in these studies
(except Ono et al.) was the need to tune several para-
meters to enable stable walking. To this end, techniques
from evolutionary robotics were found to be effective.

Evolutionary robotics (Nolfi et al., 2000) is a meta-
heuristic optimization approach to evolving the control-
lers (and sometimes morphology) of robotic systems
(Bongard, 2011). The approach is based on the process
of natural selection, in which a population of candidate
solutions (parameter sets) are tested for performance
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(fitness), and the best ones are retained and modified in
an effort to generate small improvements. The process
is repeated until a high-performance solution is found.
Two obvious benefits of this approach are that the con-
troller requires no formal analysis to tune, and that it
can operate over very large parameter spaces.

We recently used an evolutionary approach to
develop a ‘‘linear reactive’’ controller for an actuated
dynamic walker that maintains efficient performance
on rugged terrain (Solomon et al., submitted; Solomon
et al., 2010). The controller demonstrated the ability to
stably and efficiently traverse rough terrain in both 2D
and 3D, exhibiting a remarkably fluid and human-like
gait pattern. However, to implement this controller in
hardware, we must show that simulation results can
operate within the full range of uncertainties that the
robot may plausibly encounter, i.e., within Jakobi’s
‘‘radical envelope of noise’’ (Jakobi, 1997). The present
work uses evolutionary robotics techniques to develop
a linear reactive controller for a 3D biped that is robust
to variability in body parameters and various condi-
tions of noise and uncertainty.

3 Methods

3.1 Biped and terrain model

The model robot in this study was developed using the
Open Dynamics Engine (Smith, 2012). The model uses
the dynamic and geometric specifications of the Flame
prototype biped developed by Wisse et al. (Hobbelen,
de Boer, & Wisse, 2008; Wisse, 2008).

The robot has seven actuators: two ankles, two knees,
two hips, and a single actuator controlling the lateral hip
adduction angle in the coronal plane. A mechanical link-
age ensures that the torso always bisects the hip adduc-
tion angle, and that both legs are always equally
adducted/abducted. The robot has encoders at each joint,
an IMU in the torso, and contact switches on the heel
and toe of both feet. There are thus 25 sensory variables
that describe the state of the robot: position and velocity
of each encoder at each actuated joint (14), position and
velocity of the unactuated ankle roll for both feet (4),
IMU values for the torso’s roll, pitch, and yaw (3) as well
as the temporal derivatives of these IMU values (3), and
a single binary value indicating if both feet are in contact
with the ground (double-stance). The controller receives
no visual information, nor any a priori knowledge of the
terrain. The controller has information about environ-
mental interaction only through the binary double-stance
variable, synthesized from the foot contact states. A sche-
matic of the model is shown in Figures 1a and 1b.

The torso pitch and roll (not shown) are relative to
gravity. The torso yaw is relative to the x-axis. Note
that uhip, uknee, and uankle are relative to the ‘‘parent’’
link. uhip is the thigh angle relative to the torso. uknee is
the shank angle relative to the thigh. uankle and uankle_roll

are the foot angles relative to the shank. For each of
these, there is an angle for the joint on the stance leg,
and one for the angle of the joint on the swing leg. The
hip adduction angle is the angle of the hip link relative
to the torso in the coronal plane.

Rather than providing the hip joint angles to the
controller as angles relative to the torso, the stance and
swing hip measurements are cast in the gravity frame.
Thus, the controller receives the stance thigh angle rela-
tive to gravity and the interleg angle (the angle between
the thighs in the sagittal plane) in place of direct mea-
surements of the stance and swing hip angles. These
angles are shown in Figure 1a and are computed as:

ustance thigh= ustance hip � upitch

uinterleg = uswing hip � ustance hip

The velocity of each measurement is computed simi-
larly. The torso-frame hip measurements are replaced
with the gravity-frame measurements, keeping the num-
ber of sensory variables at 25.

In many studies, perfectly flat, firm ground is used
both in hardware and in simulation (Collins et al., 2001;
Iida et al., 2008; Morimoto & Atkeson, 2007; Plestan,
Grizzle, Westervelt, & Abba, 2003). In this study, we
intentionally generated slightly rough terrain, repre-
sented as a triangle mesh with 10 cm spacing between
the vertices. Terrain roughness prevents the emergence
of unrealistic or dangerous behaviors, such as walking
with near-zero swing foot height, and it also ensures
that all individuals are robust to at least a small amount
of unevenness in the terrain.

Figure 1. (a) and (b) The dynamic model, showing the hip
adduction axis and the actuated and unactuated axes of the
ankles. All other joints are indicated by a sphere. Although the
terrain looks smooth at the scale shown, there is actually a small
amount of (irregular) roughness. (c) A single actuator’s control
network, in which reference angles are generated as the
weighted sum of the 26 inputs (including the bias), and the
applied torque is computed as in PD control. There are seven of
these networks, one for each actuator.

Locascio et al. 3
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Each generation of individuals was tested on a
unique, randomly generated terrain. Each terrain was
generated using a two-dimensional random-walk algo-
rithm, with a step-to-step standard deviation of the
resulting terrain height equal to ;0.36% of the leg
length. Importantly, note that the terrain unevenness is
a property distinct from the contact model of the ter-
rain (see section 3.4.4).

3.2 Controller

There are seven actuators in the biped model (stance/
swing ankle, stance/swing knee, stance/swing hip, and
hip adduction), each with its own control network.
Figure 1c schematizes the control network for a single
actuator. We first describe the ‘‘fully-connected’’ con-
troller and then describe the reduced set of weights
used in the present work.

In the fully-connected configuration, each actuator’s
output is computed from 28 values: 25 state variables,
plus the P and D gains and one constant bias term. A
bias term is standard in machine learning algorithms as
a way to provide a constant, non-zero input to a func-
tion (e.g., the intercept term of a linear regression).
Thus, there are a total of 2837=196 weights connecting
the inputs and actuators. Of these, the 21 values defin-
ing the biases and PD gains are treated as weights in the
evolution, but are not considered ‘‘sensory’’ connections
(of which there are therefore 196221=175). On each
time step, the sensor state of the model is measured.
Values with fixed limits, such as joint angles, are shifted
and scaled to [21, +1]. Values without fixed limits,
such as the torso orientation angles and all velocities,
are scaled to an approximate range of [21, +1] based
on the maximum and minimum kinematic values
recorded during preliminary walking trials. A weighted
sum of the fi values (the normalized sensor inputs) and
the bias, 1.0, is computed using the weight vector w

structured as in Figure 1c, and the output is used as a
reference angle, uref.

uref =
X25

i= 1

fiwi + 1:0 � w26

Note that – in contrast to traditional neural networks –
there is no ‘‘activation function’’ applied at the output.
The torque is then computed from uref using PD control
with this value as the reference position, and zero as the
reference velocity, in order to apply damping to the
closed-loop system. Although there are many inputs to
the controller, it is mathematically no more complex
than a weighted sum. This stands in contrast to other
similar work (Paul, 2005; Vaughan et al., 2004), in
which a multilayer perceptron is used, often in conjunc-
tion with an internal oscillator.

The hip actuators are re-framed in terms of upper-
body and inter-leg control in the same way as the
hip sensors. This convention is useful because it effec-
tively isolates control of the upper-body angle from
control of the inter-leg angle. The stance hip motor
then applies torque as the ‘‘upper-body actuator,’’
while the swing hip motor applies torque as the
‘‘inter-leg’’ actuator.

In the present study, not all 175 sensory connections
were used. Instead, in all parts of this work, we reduced
the controller to 21 sensory connections, which were
chosen based on previous work that had determined
these connections to be important for 2D walking mod-
els (Solomon et al., submitted). Table 1 shows the 21
sensory connections that were used in this work. Note
that the bias and P and D gains account for an addi-
tional 21 weights, yielding a total of 42 weights that
needed to be optimized.

Note that, while this approach is couched in terms
of a PD framework, we do not enforce ‘‘stiff’’ control.
That is, the reference angles may not be accurately
tracked. Instead, an evolutionary algorithm (EA, see
section 3.3) tunes the P and D gains to whatever values
achieve high-fitness behavior. So, even though the
swing knee reference angle is always a constant (as
shown in Table 1, it is connected only to the bias input),
the swing knee may follow a smooth curve using low
gains rather than tracking a fixed reference angle if it is
found that such behavior is appropriate. This low-
impedance control prevents the high energy use com-
mon in stiff positional control, because it does not resist
the passive dynamics of the system. This permits more
natural complex trajectories with fewer connections.

Table 1. List of sensory connections in the reduced controller

Actuator Sensory connections to that actuator

Hip adduction Torso roll, torso yaw, hip adduction (self-connected), stance ankle, torso roll velocity, torso yaw
velocity, hip adduction velocity, stance ankle velocity

Upper body Stance ankle, swing knee velocity, stance ankle velocity
Interleg angle Stance thigh, swing knee, stance ankle
Stance knee –
Swing knee –
Stance ankle Torso pitch, stance knee, swing ankle, stance thigh velocity, interleg velocity, stance knee velocity, swing ankle velocity
Swing ankle –

The bias and the P and D gains were always included in the weights of every network.
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3.3 Evolution of successful controllers

Because of the high dimensionality of the search space
(42 weights), the weights were determined using an evo-
lutionary algorithm. The vector w is considered the
genetic material of each individual, which is evolved
over several hundred generations. Each generation
undergoes three steps: diversity-generating breeding and
mutation, fitness evaluation, and survivor selection.

In the first step, an initial population of 30 parents is
generated and bred to produce 150 children. Two par-
ents are selected at random, and each weight is chosen
randomly from either parent (‘‘discrete recombination’’;
Eiben & Smith, 2003) to produce a child genome. Then,
small random mutations are made to each value in the
child genome by adding a Gaussian random value with
a standard deviation of 0.005. In 5% of mutations, the
standard deviation is increased to 0.1 to allow for the
possibility of occasional large steps along particular
dimensions of the search space. The range of the con-
nection weights are not constrained, so those weights
can take any value. The P and D gains, which are
treated like weights during the evolution, are limited to
positive values.

The fitness function used in the evaluation step is
the distance traveled on a fixed amount of energy. That
is, the fitness is the distance traveled throughout the
simulation, where the end of the simulation is triggered
either by a fall (when anything but the feet comes in
contact with the terrain), by flight (both feet in the air),
or by the exhaustion of the energy supply, whichever
comes first. This places emphasis on stability in early
generations when individuals fall before using all their
energy. In later generations, individuals are stable
enough to use their entire energy supply, so ‘‘fitter’’
individuals must be more efficient to travel farther. The
fittest individuals must therefore walk stably and effi-
ciently in order to compete for survival. Here, we use
‘‘torque cost,’’ denoted Ct, as our energy quantity (i.e.,
Ct=

R
|t| dt rather than physical energy E=

R
t � vdt)

(Srinivasan, Westervelt, & Hansen, 2009), because the
inclusion of v, the joint velocity in the cost function,
was found to produce very stiff walking behavior that
attempted to minimize v for all joints.

After all 150 child weight vectors have been evaluated,
the procedure moves to the final step, survivor selection.
Here, we simply rank every child according to its fitness
value. The 30 fittest individuals become the parents for
the next generation, and the procedure repeats. For sim-
ple tasks such as walking without any noise or varying
parameters, only 200–300 generations may be needed for
fitness to converge to a steady value. For more difficult
control tasks such as those described in the next section,
upwards of 3000 generations may be required.

We took three precautions to reduce the bootstrap-
ping problem, in which a poorly chosen initial

condition or overly difficult behavior prevents evolu-
tion from proceeding at all. First, the simulations were
started in a configuration compatible with a normal
walking gait, in order to prevent unrealistic gait-
initiation behaviors. Every simulation began by placing
the model in a state similar to the beginning of the ‘‘ini-
tial swing’’ phase of gait (Uustal & Baerga, 2004).
Second, the initial population of 30 parents was gener-
ated by hand-tuning a network consisting only of bias,
P, and D values that were sufficient to start the evolu-
tion. Uniformly distributed mutations to the weights of
this initial set produced a diversified first generation of
individuals. These starting behaviors only involved
basic motions such as swinging the swing leg forward
by increasing the inter-leg angle. No actual walking
behavior was encoded in these hand-tuned networks in
order to avoid biasing the evolution toward a particu-
lar behavior. Third, when training for parameter uncer-
tainty or terrain compliance, we started uncertainty/
compliance variability low, and increased variability as
the evolution proceeded. For effects that were binary
(on or off) such as sensor noise or realistic actuation,
the effect was included from the first generation.

3.4 Sources of noise and uncertainty

The goal of the present work was to demonstrate
robustness to the following four real-world sources of
noise and uncertainty.

3.4.1 Realistic actuation. By default, dynamic simula-
tions of articulated structures apply exactly the
requested torque to a joint, essentially modeling a high-
impedance, infinitely powerful motor. In contrast to
this model, series-elastic actuators (SEAs; J. Pratt,
Krupp, & Morse, 2002) are becoming increasingly pop-
ular in hardware (Grizzle et al., 2009; Iida et al., 2008;
Kuo & Chiou, 2009), as they make the system more
compliant and allow direct measurement of applied tor-
que. The tradeoff, however, is that this actuation is a
higher-order system than a rigid connection. We mod-
eled actuation in the joints as SEAs by including a vir-
tual spring between the rotor mass and the joint itself.
The rotor is free to move independently of the joint,
but the two are linked according to the spring equation,
t=k(umotor – ujoint). Values of k are listed in the
Appendix, and were chosen based on values approxi-
mating the springs of Flame (Hobbelen et al., 2008). A
damping term was also applied similarly. Additionally,
the power output of the simulated motors is limited to
90 W to match the maximum power output of the real
motors on Flame (Hobbelen et al., 2008). This is imple-
mented simply by determining a maximum torque t for
a given joint velocity v according to P=tv.

Locascio et al. 5
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3.4.2 Sensor noise. The controller must be capable of
operating with realistic sensing. In this case, we show
that the controller is insensitive to errors in the sensor
measurements. Simulation software will report simu-
lated joint angles to machine precision, but in reality, a
robotic platform would only have access to quantized
values from the output of a rotational encoder. We
quantized all sensor values in the simulation to 7500
counts/revolution in quadrature, an equivalent of 30000
counts/revolution for each joint. Similarly, the torso
orientation of a real robot is usually measured using a
set of MEMS gyroscopes and accelerometers, or a pre-
packaged inertial measurement unit. As a reference, we
used the specifications of an Xsens MTi unit with a
100-Hz read rate and 0.05�/s/

ffiffiffiffiffiffiffiffiffiffi
ðHzÞ

p
noise. This was

modeled in simulation by adding Brownian noise with
these same characteristics to the torso orientation val-
ues. Given that velocities are typically calculated rather
than measured, we ignore ODE’s internal access to joint
velocities and instead estimate them based on a buffer
of quantized angle readings using the adaptive window-
ing technique of Janabi-Sharifi, Hayward, and Chen
(2000).

3.4.3 Uncertainty in model parameters:. Although the
CAD drawings of a mechanism allow calculation of the
values for the masses, center of mass positions, and
inertia tensor components, in practice these will differ
from the properties of the machined components for a
variety of reasons. For example, the electrical compo-
nents are not included in the drawings, which therefore
exclude parts with significant mass, such as an onboard
computer, batteries, and cables. The actual dynamics
will therefore not be accurately reflected by the calcu-
lated values, and may even vary between seemingly
identical copies of the mechanism. In order to develop
controllers that are robust to such uncertainty, we
require that the controller be insensitive to some varia-
tion in these dynamic parameters.

In total, we permitted 86 model parameters to vary
simultaneously, gradually increasing from 65% varia-
tion from the nominal CAD values to a maximum of
620% variation. The first 300 generations of the evolu-
tion have the lowest level of variation, 65%. This com-
paratively narrow range and the long evolution time
(more generations than subsequent variation ranges)
bootstrap the evolution for higher ranges in later gen-
erations. After these initial 300 generations, the varia-
tion range is increased by 5 percentage points every 100
generations. Thus, the first 300 generations have 65%
variation, generations 300–400 have 610%, 400–500
have 615%, and generations 500–600 have 620%.
The varied parameters include the parameters of nine
parts of the robot (torso, left & right hip, left & right
thigh, left & right shank, and left & right foot). Each of
the nine parts has 10 parameters that can vary: three

components of the center of mass position, six compo-
nents of the inertia tensor, and the mass. The values of
the masses were shared between the left- and right-side
parts, removing one possible parameter for each pair of
hips, thighs, shanks, and feet.

3.4.4 Uncertainty in terrain compliance:. The ground reac-
tion forces generated during walking are difficult to
quantify and represent large sources of uncertainty. In
particular, it has been shown that changes in contact
stiffness can change the global characteristics of the
walking gait of passive dynamic walkers (Qi, Wang, &
Li, 2011). We therefore evolved controllers to be robust
to variations in terrain compliance, while maintaining a
small amount of randomized roughness to prevent fit-
ting to perfectly flat ground. If we consider a firm con-
tact model to be a spring-damper system with
proportional and derivative gains Kp=100,000 and
Kd=5,000, then the compliance can be adjusted by
scaling these values by some factor between 1021.5

and 100. Terrain contact was randomly varied by
changing this scale factor, and this was implemented by
adjusting the constraint force mixing parameter and
the error-reduction parameter in ODE in order to
achieve the equivalent Kp and Kd.

4 Results

We challenged the controller with realistic actuation via
series-elastic actuators (SEAs) driven by finite-power
motors, realistic sensor noise, large parameter uncer-
tainties in the dynamic model, and variations in terrain
compliance. We first present results for each effect,
tested independently. We then present results of a final
test in which the controller was trained as all effects
were accumulated, in order to demonstrate the opera-
tion of the biped controller inside of the envelope of
noise (Jakobi, 1997).

4.1 Realistic actuation: robustness to the addition
of SEAs and finite motor power

For the given model, the most important deviation
from a perfect rigid-body simulation is the addition of
SEAs. As described in Methods, these actuators are
modeled in the simulation by including an additional
mass (representing the motor mass) that moves with the
joint through the influence of a virtual spring. When a
torque is calculated, it is applied only to the motor
mass, not directly to the joint itself. This addition radi-
cally changes the dynamics of the model, making it
more compliant and also harder to control. In addition,
we limited motors to an output of 90 W, a feasible
motor size for use in an energy-efficient dynamic walker
such as Flame (Hobbelen et al., 2008).
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Initial work showed that adding realistic actuation
to all joints simultaneously resulted in a bootstrapping
problem that failed to evolve walking behaviors. Recall
that the initial ‘‘generation 0’’ parents are biased as
described in section 3.3, but are not so heavily biased
that they could be considered competent in any way.
The bootstrapping done for those is completely insuffi-
cient for a walker that starts with all pairs of SEAs
included. Therefore, the series-elastic elements were
added one at a time, until all joints included SEAs.
After adding an SEA-controlled joint, the evolution
proceeded for 800 generations, a duration sufficient for
complete evolution of the rigidly actuated walkers. In
the following tests, SEAs were added to the ankle joints
first, then the knees, and finally the hips.

Figure 2a shows the evolution with SEAs added in
this manner compared with a rigidly actuated model.
The additional compliance and difficulty of control sig-
nificantly slows down the evolution. In fact, several
(approximately seven) attempts were required before
we were able to get evolution to proceed at all (data
not shown). The rigidly actuated model (labeled ‘‘No
SEAs’’ in Figure 2a) only takes ;125 generations to
converge to a solution that provides high fitness; the
best individuals of that generation can walk about
50 m on 1000 N�m�s of torque-cost.

An additional test of the best individual in the final
generation of the rigidly actuated system (‘‘No SEAs’’
in Figure 2a) was used to compute the specific mechan-
ical cost of transport. This 151.64 N walker does
4511.60 J of positive mechanical work (not torque cost)
to walk 81.02 m. These values correspond to a specific
mechanical cost of transport of cmt=0.37, which com-
pares favorably with a ZMP-controlled robot such as

ASIMO, whose estimated value of cmt=1.6 (Collins et
al., 2005).

When ankle SEAs are added, the time to evolve is
longer (;600 generations) and the fitness plateaus near
40 m. Addition of SEAs to the knees does not impose a
significant additional efficiency penalty. The final pair
of SEAs introduced at the hips again substantially
reduces efficiency, as the final walker with all SEAs
included can walk only a little over half as far on the
same amount of energy as a perfectly actuated walker
(;30 m on 1000 units of torque-cost).

Figure 2a shows a dramatic drop in fitness after each
set of SEAs is added. However, this does not mean that
all productive changes to the weights are lost. One
might draw an analogy to the replacement of a person’s
left ankle with a robotic prosthetic. The person’s ‘‘walk-
ing fitness’’ would initially be near zero, with fitness
slowly increasing with time and therapy, but his entire
right leg, as well as his left hip and left knee, can all still
operate as usual. For five out of six leg joints, walking
behaviors learned as a toddler still apply, but additional
training is needed to get the entire system’s fitness back
to its former value.

Similarly, when we add a new pair of SEAs, the
simulation is largely bootstrapped, save for one pair of
actuators. This is enough for the individuals in the first
several generations to fail quickly, because fitness is a
measure of how well the entire system performs, not
just one set of actuators. Thus, a pair of actuators with
altered properties will reduce the entire system’s fitness
to nearly zero, even if the others function flawlessly.

Figure 2b illustrates the fitness distributions for the
best fully evolved individuals. The 10 best walkers from
each of the last 50 generations were all evaluated, for a

Figure 2. (a) The maximum fitness in each generation with and without series-elastic actuators (SEAs). The addition of SEAs makes
evolution more difficult, and the controller less efficient. (b) An evaluation of the 10 best walkers from each of the last 50
generations with and without SEAs and power limits. Only walkers that used all of their energy are shown (458 with perfect
actuation, 385 with SEAs and finite power). The linear reactive controller performs very well even for realistically actuated control,
though efficiency is lower.
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total of 500 individuals. Those that did not fall down
(and therefore used all of their energy) are shown; 458/
500 walkers with perfect actuation completed their eva-
luations compared with 385/500 with SEAs and finite
power. The distribution of fitnesses for those with per-
fect actuation is centered around 53 m, whereas those
with SEAs and finite power are much lower, around
28 m on 1000 N�m�s of torque-cost. This corresponds
roughly to the values in the last 50 generations of each
population in Figure 2a. It is clear that including these
effects severely limits the efficiency. This result is not
surprising, because infinite-power motors and stiff
actuation make a simpler control problem. However,
the results indicate that linear reactive control is in fact
quite capable of producing stable walking even for the
greater complexity of a realistically actuated control

task. Supplemental videos 1 and 2 demonstrate walking
without and with realistic actuation, respectively. Most
noticeable is the increased maximum interleg angle
(0.77 vs. 0.62 radians), decreased maximum swing knee
angle (0.6 vs. 1.3 radians), and reduced walking speed
(1.5 vs. 2.6 m/s) when SEAs are present (all significant,
with p-values \0.005 using a two-tailed t-test). Note
that all videos are recorded at half speed to show detail.

The kinematic trajectories of several important
degrees of freedom are shown in Figure 3. To create
this figure, three independent evolutions of ‘‘trained’’
walkers and six independent evolutions of ‘‘untrained’’
walkers were run. The five best individuals in the final
generation of each trained run and the best individual
in the final generation of each untrained run were eval-
uated, then the trajectories were divided by step and

Figure 3. Kinematic trajectories of walkers trained with perfect actuation (blue) compared with those trained with series-elastic
actuators (SEAs) (red).
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averaged over the run. Five trained individuals are
plotted for each of the three runs to show the tight
grouping within a single run. Only a single (untrained)
individual is plotted for each of the six untrained runs.
To ensure that that we characterized the trajectory
without edge effects (slightly different starting beha-
viors, tripping at the end of an evaluation, etc.), 15 steps
were removed at the beginning and five at the end. The
length of each step was normalized from 0 to 2p.

Each degree of freedom shows three distinct sets of
trajectories for individuals trained with SEAs (red), one
for each run. This means that there are several equally
fit walking strategies when SEAs are included. The
swing knee angles are uniformly lower (implying a
straighter swing leg), which in turn requires higher hip
adduction angles to prevent toe-scuffing. The upper-
body remains more upright, or even leaned slightly
backward, to allow the thighs to swing higher. The
stance thigh angle starts closer to zero to prevent the
swing leg from dragging, and the interleg angle
reaches its minimum slightly later, so the swing foot
retracts less at the end of the step. Note that although
the swing leg is highly variable, it contributes very lit-
tle to the gait.

4.2 Realistic sensing: robustness to sensor noise

The behavior of any control scheme is highly depen-
dent on the quality of sensor input that it receives. In
simulation, the sensor inputs to a controller are known
to machine precision, which is clearly unrealistic. To
model a realistic amount of sensor noise for all mea-
surements as described above, we used the characteris-
tics of the industry-quality rotational encoders and

inertial measurement unit found in Flame. These char-
acteristics were used to quantify the amount of noise to
add to each sensor, including the quantization of the
encoders and the Brownian noise in the IMU.

We evolved six populations of controllers in the
absence of sensor noise (i.e., with ‘‘perfect’’ sensing),
and six populations in the presence of this noise
(‘‘untrained’’ and ‘‘trained’’ respectively, referring to
whether or not they were trained to cope with these
sources of noise).

Figure 4a shows the average maximum fitness per
generation for each set of populations, illustrating that
they evolve equally quickly, though there is a ;13%
decrease in maximum fitness between the two popula-
tions. Again, the 10 best walkers in the last 50 genera-
tions were taken from each ‘‘trained’’ and ‘‘untrained’’
population to make two populations of 3000 high-
performance individuals. Both populations were then
tested with sensor noise. As shown in Figure 4b, the
population trained in the presence of sensor noise has
only a few more that survived to exhaust their entire
energy supply (2309 untrained vs. 2497 trained). The
population that was not trained in the presence of sen-
sor noise does have slightly greater efficiency, however,
as indicated by the larger mean distance traveled on the
same amount of energy.

Overall, the controller performs well in the presence
of realistic sensor noise, even when it has not been
trained to do so. In other words, the linear reactive
controller is inherently robust to noise of the magni-
tude that would be expected from industry-quality sen-
sing hardware. Supplemental video 3 demonstrates
walking in the presence of sensor noise, though the gait
does not differ appreciably from video 1.

Figure 4. (a) The evolution of controllers with and without sensor noise (curves averaged over six runs). Including sensor noise
does not significantly slow down the evolution, though it does result in a slight efficiency penalty. (b) An evaluation of the 10 best
walkers in the last 50 generations of six runs. Only walkers that used all of their energy are shown. The sets cope with the presence
of sensor noise equally well, as indicated by the very similar number of individuals that walk to exhaustion (2309/3000 untrained vs.
2497/3000 trained).
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4.3 Robustness to variations in parameters
of the model

Robustness to model parameter variations is among
the most important properties of a successful walker.
Although CAD drawings can provide highly accurate
dynamic parameters of certain components of a bipedal
robot, values for other components such as cabling,
electronics, and computer hardware are difficult to
measure accurately. Similar situations will also arise
whenever any computational model differs from its
corresponding hardware. We can mitigate the effects of
this uncertainty in our walkers by training the control-
lers to be robust to uncertainty in all 86 model
parameters.

Figure 5 shows results from simulations in which the
amount of uncertainty in model parameters is slowly
increased throughout the evolution. In the first 300 gen-
erations, all 86 model parameters are randomly distrib-
uted (uniformly) in a range within 65% of the CAD
value in order to avoid a bootstrapping problem early
in the evolution. The next 100 generations increase
uncertainty to 610%. Initially, the average fitness
(shown as a Bezier-smoothed black line) decreases dra-
matically due to the higher range of values encountered.
Over the course of 100 generations, the controllers are
trained to perform better in the presence of this higher
range, and fitnesses improve. At generation 400, the
uncertainty increases from 610% to 615%, with
another corresponding drop in fitness, and then an
improvement over several generations. Finally, at gen-
eration 500, the uncertainty increases one more time,
from 615% to 620% of the nominal values. Beyond
generation 400 (�10% variation from nominal), the
range is large enough to cause unreliable performance,

which manifests as high variance in the maximum fit-
ness values.

We next aimed to compare the performance of walk-
ers trained in the presence of parameter variations
(hereafter the ‘‘trained’’ population) with those trained
in their absence (‘‘untrained’’). However, we needed to
ensure that the individual undergoing testing really was
the best individual, and not just the best for the one
particular set of parameters on which it happened to be
tested. Therefore, we conducted a tournament to find
the best overall individual in the last 50 generations of
the untrained walkers. The single best individual from
each of the last 50 generations were each tested using
10 different parameter sets, and the individual with the
highest average fitness over those 10 trials was declared
the winner. The tournament winner—that is, the ‘‘best
untrained individual’’—was then evaluated using 200
more sets of parameters. Another tournament found
and evaluated the ‘‘best trained individual’’ in the same
way.

Figure 6a shows the distribution of fitnesses for the
best untrained (left) and trained (right) individuals.
Comparing the two histograms, it is clear that when
untrained walkers are exposed to 20% parameter varia-
tion, the results are disastrous. Without training, the
controllers are generally unable to accommodate such
large parameter variations. The best untrained walker
fell before exhausting its energy supply in 182/200
trials, often within the first 5 m. In contrast, the best
trained walker performed extremely well, falling in only
51/200 trials. This demonstrates that the linear reactive
controller design is capable of performing well even
when the controller is trained with an inconsistent
model. It simply needs to be trained to be robust to the
level of uncertainty present in the measurements of
these parameters.

In summary, Figure 6a shows that without training,
walkers clearly cannot accommodate uncertainty in
dynamic parameters. Additionally, the efficiency of the
two populations of walkers was investigated to deter-
mine the extent of the tradeoff between robustness and
efficiency, and those results are in Figure 6b. The best
10 walkers from each of the last 50 generations of the
trained and untrained runs were evaluated without
parameter variations, so as not to include any gains or
losses from lighter or heavier parts. The distributions of
fitness are shown in Figure 6b. Similar numbers of
walkers complete the run without falling: 458/500
untrained walkers (top), and 443/500 trained walkers
(bottom). Only these successful walkers are plotted.
The average efficiency (i.e., the distance traveled on a
fixed amount of energy) also changes very little between
the untrained and trained walkers. However, the stan-
dard deviation is significantly wider for those trained in
the presence of parameter variations. Supplemental
video 4 demonstrates the walking behavior of the best

Figure 5. As the amount of uncertainty is slowly increased, the
distribution of fitnesses becomes more variable. The maximum
fitness in a generation is denoted by a black dot, the Bezier-
smoothed average is shown as a black line, and the gray range is
± 1 standard deviation from the average.
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trained controller, which again differs only slightly
from the gait of video 1.

The kinematic trajectories of several important
degrees of freedom are shown in Figure 7, computed as
described in section 4.1. Here there are six independent
runs of individuals trained with parameter variations,
shown in red. Only the best individual from each run is
shown. Unlike the trajectories resulting from the SEA
runs, here the six runs found much more similar walk-
ing behaviors. For example, notice the very tight group-
ing of trajectories for the interleg angle, the swing knee
angle, and the stance ankle angle. Compared with indi-
viduals evolved without variations in their parameters
(‘‘untrained’’ blue trajectories), the swing knee angles of
the trained individuals peak earlier and lock before the
end of the step. This means that the stance knee is more
reliably locked at the beginning of a step. Although
there is larger distribution in the upper body and stance
thigh angles, the shapes are very uniform. These obser-
vations imply that the key to stable walking in the pres-
ence of high uncertainty is to develop behaviors that
are highly repeatable and, if possible, exploit invariant
properties, such as joint angle limits.

4.4 Robustness to variation in terrain compliance

The final variation that we introduce is the stiffness of
the ground contact model. Although it has been shown
previously that this linear reactive control scheme can
be trained to maneuver on rough terrain for a 2D biped
model (Solomon et al., submitted), the roughness refers
only to the topology, not the compliance of the ground
contact. Here, we show that the controller can also be
trained to cope with uncertainty in the ground’s compli-
ance, so that the trained controllers will not be reliant
upon particular behaviors in impacts or ground reac-
tion forces. This also mitigates concerns about the

modeling of ground contact, which is notoriously diffi-
cult and unreliable.

Collisions in the simulation are essentially modeled
as temporary constraints at the contact points, and like
other constraints, the spring (Kp) and damper (Kd) con-
stants can be specified by appropriately setting the con-
straint force mixing and error reduction parameters of
ODE. However, moderate changes to Kp and Kd

(\20%) like in the previous tests do not significantly
change the effective compliance of the surface. Instead,
the proportional and derivative terms must be scaled
by much more extreme factors spanning two orders of
magnitude in order to achieve values with truly differ-
ent contact properties. We conducted a total of six runs
with the spring and damper constants scaled as shown
in Figure 8, and plotted the average fitness of the 30
best individuals. Even after training, very compliant
terrain is difficult to manage. The average fitness falls
off quickly when the spring and damper terms are atte-
nuated by more than 1/10. In order to test a challen-
ging yet feasible range, we chose scale factors randomly
between 1021.5 (0.032) and 1020.5 (0.32), in the region
of this drop-off.

Similar to the case of dynamic parameter variations,
the robustness of the untrained controller is extremely
poor (Figure 9a, left). As before, a tournament was
conducted to find the overall ‘‘best untrained’’ and
‘‘best trained’’ individual, and then the two were evalu-
ated on 200 different terrain contact models in the
range described above. In the model parameter study,
86 parameters were varied, whereas here only a single
parameter was varied. Thus, we see a much more bimo-
dal distribution in the untrained individual, which fell
immediately in about half of the trials (corresponding
to the lower scale factors), and completed only trials
with larger scale factors. The trained walker fared much
better, walking to exhaustion in 177/200 trials

Figure 6. (a) The performance of the best trained and untrained individuals. The untrained individual fails quickly when dynamic
parameters differ compared with its training set, whereas the trained individual performs well for a large number of parameter sets.
(b) The mean efficiency stays the same after training for robustness to dynamic parameter variations, but the standard deviation
increases significantly.
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throughout the tested range of stiffnesses. These results
indicate that this controller can be trained to perform
well even on many different ground contact models,
improving robustness in cases of poorly characterized
ground contact.

Efficiency is compared in Figure 9b between a popu-
lation of 500 walkers trained only on firm ground, and
a population of 500 walkers trained on ground of vary-
ing properties. Both populations were tested on firm
ground in order to directly compare the efficiency. Of
the individuals that walked until their energy supply
was exhausted, the efficiency of trained walkers appears
to have increased, while the number that do not fall is
much lower than the untrained population. The walk-
ers that fall before using their allotment of energy do so
uniformly throughout the range of 0 to 60 m. This indi-
cates that the walkers challenged on unpredictable

terrain have developed a strategy that is of greater ben-
efit on unpredictable terrain than on uniformly firm
ground. This strategy, although more efficient, is
slightly less stable on firm terrain. The effect is exagger-
ated by the large range of terrain contact models
encountered here. In reality, the walker can be trained
on a much narrower range, but here we aimed to deter-
mine the limit of the controller’s ability, to ensure that
any realistic surface would fall inside the range of
uncertainty for which the controllers are trained.
Supplemental video 5 demonstrates the best trained
walker.

4.5 All sources of noise and uncertainty

So far, we have shown that the linear reactive control
scheme is robust to realistic actuation, imperfect

Figure 7. Kinematic trajectories of untrained walkers (blue) compared with those trained in the presence of parameter variations (red).
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sensing, and uncertain knowledge of the dynamic
model and its interactions with the environment.
However, controllers were only trained for robustness
to a single source of noise or uncertainty at one time.
As a final experiment, we now evolve a controller that
can operate in the presence of all of the above effects
simultaneously.

In these experiments, two populations of walkers
were compared. The first population is the same as the
population trained with SEAs and finite motor power
from section 3.4.1. This population was not trained in
the presence of any other effects, and is therefore the
‘‘untrained’’ population. The second population was
trained by incrementally adding sources of uncertainty
throughout the evolution (SEAs, finite motor power,
sensor noise, uncertainty in model parameters, and
uncertainty in terrain compliance). Specifically, after
the walkers were trained to walk with SEAs and finite

motor power, they were additionally challenged with
noise in the joint sensor and IMU data, as in section
3.4.2. They were allowed to evolve for 200 generations
in the presence of this noise. Then they were trained
with model parameter variations. The range of ran-
domly chosen model parameter values was ramped up
in the same way as in section 3.4.3, for the same num-
ber of generations, but in this case variability peaked at
a 10% deviation from the nominal values rather than
20%. Finally, while still randomizing the dynamic para-
meters on every generation, the ground stiffness was
varied between 10% and 100% of the reference stiffness
for 300 more generations.

The performance was then tested by conducting a
tournament to choose the ‘‘best untrained’’ and the
‘‘best trained’’ individuals from their respective popula-
tions. Note that, in order to hold the number of genera-
tions constant, ‘‘untrained’’ individuals were allowed to
evolve for an additional number of generations equal
to the number of generations during which ‘‘trained’’
individuals were exposed to accumulated variations.
The individual with the highest fitness in each of the
last 50 generations of each population was tested with
SEAs, finite power limits, sensor noise, and 10 ran-
domly chosen sets of dynamics and contact parameters
in the ranges described above. The winner from each
population was determined by the highest average fit-
ness, then each winner was evaluated using 200 more
randomly chosen sets of parameters. These evaluations
are plotted in Figure 10a.

The best untrained controller is shown on the left
side of Figure 10a, and the best trained controller is
shown on the right. The best untrained individual fails
immediately in nearly all of the 200 trials, completing
only 12. By contrast, the best trained individual suc-
cessfully walks to exhaustion in 117 trials, nearly 10
times as many as the best untrained controller.

Figure 10b compares the efficiency of 500 individu-
als from the two populations of walkers, evaluated

Figure 8. Average fitness decreases rapidly as the terrain
becomes less firm. The ground penetration data provide a sense
for the real-world compliance of each surface, ranging from firm
ground (scale=1.0) to a surface resembling a soft mattress
(scale=0.032).

Figure 9. (a) The best untrained individual falls frequently in the first 5 m on unpredictable terrain, whereas the best trained
individual is successful on a large range of terrain types. (b) Walkers trained on various terrain types become more efficient, but
fewer survive to exhaust their entire energy supply.
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using only the nominal parameter values, firm terrain,
and noiseless sensors. These groups consisted of the 10
best individuals from the last 50 generations of each
evolution. Walkers trained in the presence of all effects
were slightly less efficient, and more fall before exhaust-
ing their energy supply than in the untrained popula-
tion. However, as shown in Figure 10a, there is great
improvement in robustness under uncertain conditions.

The conditions encountered in this test represent an
extraordinarily difficult control task for any biped,
given the very large variations in dynamic values and
ground interaction. Using our evolutionary method,
the best trained walker remained stable in several runs
that are well outside the expected range of uncertainty
for realistic conditions. This is a remarkable property
for a purely reactive linear controller that evolved
unsupervised, operating on a fully autonomous, un-
supported three-dimensional system. The best trained
walker is shown in supplemental video 6. This walker
bears the most resemblance to the walker in video 2
(realistic actuation).

5 Discussion

The present work has demonstrated in simulation that
a ‘‘linear-reactive’’ controller whose weights are opti-
mized with an evolutionary algorithm can be used to
stabilize 3D bipedal walking in a manner robust to mul-
tiple sources of uncertainty and noise.

5.1 Evolutionary robotics as an approach to the
control of bipedal locomotion

Many studies of bipedal locomotion have the goal of
developing control techniques sufficiently general that
they can be applied directly to a variety of biped robots,
with some tweaking of control parameters (Kuo, 1999;
Seyfarth, Geyer, & Heff, 2003; Taga, Yamaguchi, &
Shimizu, 1991). The basic idea that motivates these

studies is that their generality will facilitate their imple-
mentation in hardware.

The present work begins to explore an alternative
approach. Given the rate at which computing speed
and power are increasing, a possible option for robot
control in the future may be simply to evolve controller
parameters specific to a particular robot morphology.
In other words, a viable, real-world approach to robot
control might be to run thousands of simulations to
evolve controllers robust to within the ‘‘radical envel-
ope of noise,’’ (Jakobi et al., 1995) and then fine-tune
these successful controllers in hardware.

In many ways, this approach replicates the process
of an animal learning to control its movements. Each
individual animal must learn the dynamics of its own
limbs, starting at birth. For bipeds such as humans, this
learning takes on the order of a year; the controller
does not work without extensive learning of synaptic
weights.

Although we think it is possible that the evolved
weights might be analyzed in a manner that would
reveal general control principles, this is not an aim of
the present work. Instead, the results presented here
demonstrate the possibility of evolving a controller for
3D biped locomotion likely to be robust within the
envelope of noise. This in turn suggests that an empiri-
cally based solution to the control of 3D biped locomo-
tion might be found using techniques in evolutionary
robotics. Ultimately, proof of the viability of this
approach will require successful hardware transfer.

5.2 The potential of a linear reactive control
scheme to transfer to hardware

Of the many possible choices for an evolutionary
approach, we choose a linear reactive control scheme.
Our motivation for this choice was that previous work
with 5-link and 7-link models (Solomon et al., 2010;
Solomon et al., submitted) had suggested the viability

Figure 10. (a) The performance of tournament winners tested in the presence of all effects. (b) Walkers trained in the presence of
all sources of noise and uncertainty were slightly less efficient.
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of this approach. Until now, however, linear reactive
control had only been shown to be capable of learning
walking behaviors under ‘‘perfect’’ conditions, albeit
with rough terrain (Solomon et al., submitted; Solomon
et al., 2010). In the present work, we introduced signifi-
cant variability to all components of the simulated
model. Rather than operating in a rigid-body simula-
tion environment, we trained the controller with com-
pliant actuators and realistic power limits, similar to
those that would be found on a hardware biped. In
addition, we were able to train the controller to be
robust to realistic values of sensor noise, to uncertain-
ties in the dynamic model, and to variations in the
ground contact model. In summary, we have success-
fully trained the simulations to be robust within certain
‘‘envelopes of noise’’ surrounding the sensing, actua-
tion, ground contact, and dynamics parameters of the
simulation (Jakobi, 1997). Robustness to these uncer-
tainties is one of several requisites for successful hard-
ware transfer.

Our evolutionary algorithms cannot technically be
said to have performed unbiased searches of the entire
space of possible solutions, because we had to bootstrap
the initial evolution by hand-tuning the bias weights in
the initial set of parents. However, the bootstrapping
was minimal. We only tuned one weight per actuator
network in order to promote the most basic of walking
behaviors, such as a tendency to move the swing leg for-
ward, rather than backward. A search beginning from
uniformly random initial conditions would not be feasi-
ble, because a strong majority of initial guesses would
have been poor starting points for the optimization.

One risk inherent to any dynamic simulation is that
the simulator itself may have properties that somehow
make the dynamic problem easier to solve. This is true
for any choice of physics engine (e.g., Bullet, Magic,
ODE). It is possible, therefore, that our simulations of
biped walking may inadvertently exploit structure
within the simulation environment to enable stable
walking. Barring this possibility, however, the present
results indicate that this type of linear reactive control-
ler may be appropriate for hardware transfer and viable
for real-world applications.

5.3 Efficiency/robustness tradeoffs in linear
reactive control

Early hominids may have evolved to exploit an effi-
ciency advantage compared with quadrupeds (Rodman
& McHenry, 1980). However, this advantage comes at
the cost of stability, making robotic bipedal locomotion
a challenging control task. The responses to this chal-
lenge have typically been approaches that sacrifice the
inherent efficiency of the biped in favor of stability.
Such results often lock the motion in known stable,
periodic orbits that tend to look unnaturally stiff while

walking. The inefficiency of the positional control of
these orbits in turn requires large batteries, which
increase weight and further decrease efficiency.

The approach used here may help to increase effi-
ciency in two ways. First, linear reactive control is not
constrained to behaviors that enforce local or periodic
stability. This permits transiently unstable behaviors to
emerge and for the system to fully exploit the efficiency
inherent to its passive dynamics. Second, training for
maximum efficiency is built into the evolutionary selec-
tion process. Thus, we are able to find weight sets that
enable robustness to parameter variations with no
apparent penalty to efficiency at all.

Intriguingly, our results with this controller demon-
strate that the traditional efficiency/robustness tradeoff
effect does not always manifest itself in a straightforward
way. A realistic (series-elastic) actuation model dramati-
cally reduces efficiency (Figure 2), but training for robust-
ness to uncertainty in dynamic parameters does not. A
population of walkers trained to accommodate uncer-
tainty in dynamic parameters has the same average effi-
ciency as untrained walkers, but higher variance (Figure
6b). Given that efficiency is an implicit factor in the fit-
ness function, the largest cost of this robustness is the
additional evolution time, not efficiency.

5.4 A robust walking controller can be
algorithmically simple

The simplicity of linear reactive control is of particular
interest, as it illuminates the requirements for robust
walking. Even though the controller shown here is a
function of 21 state variables (42 weights total), the
function itself is trivial: linear reactive control is algor-
ithmically nothing more than a weighted sum. Its imple-
mentation as a static function of state variables would
indicate that such a minimal controller is sufficient not
only for walking, but for very robust bipedal walking.

Within the bounds of this work, we can say that even
for particularly challenging walking tasks (e.g., those in
which actuator bandwidths are high, sensors are noisy,
the model is not well known, and the ground reaction
forces vary), linear reactive control would appear to be
sufficient for walking. Time-based periodic orbits need
not be specified explicitly in order to exhibit stable
walking, even when the parameters of the model are
not known accurately. In this way, our evolutionary
self-tuning procedure is most closely related to direct
adaptive control, in which the control gains are tuned
online as the plant moves (Åström & Wittenmark,
2008). However, the offline optimization method used
here removes training from the feedback loop, resulting
in a much simpler control structure.

A more intricate control network was used by
Vaughan et al. (2004), and consisted of a multilayer
neural network with nonlinear activation functions and
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a central pattern generator. These additional compo-
nents might allow more detailed control maneuvers
than our simple linear controller, but much of the inter-
est of this technique is its remarkable robustness in spite
of its minimalism. Algorithmically, a weighted sum is
simpler than the neural-network approach used in
Vaughan’s work, yet we have found that our compara-
tively simple controller demonstrates that the internal
rhythmicity of a CPG is not necessary for walking, nor
is nonlinearity (introduced by sigmoidal activation func-
tions and multiple layers) required for complex adaptive
behaviors. Vaughan showed that changing morpholo-
gies could be overcome by his controllers, but all of the
parameters that were changed were internal to the
robot. In the present work we show not only that the
controller is robust to internal variations, but also to
more difficult actuation technologies, imperfect sensor
information, and widely varying environmental para-
meters (which are distinctly different from the
Gaussian-random external force perturbations applied
in Vaughan’s work). Finally, we also show that all
sources of noise can be accumulated throughout the
evolution in order to produce a controller that is robust
to many types of noise. This accumulation of robust
behaviors is critical, as an attempt to cross the reality
gap will necessarily involve robustness to many sources
of uncertainty simultaneously.

5.5 Large changes in kinematics do not necessarily
imply large changes in weights

The kinematic behavior of both knees changes signifi-
cantly when SEAs are added (Figure 3), but only one
weight in the stance knee actuator network changes
beyond one standard deviation from the ‘‘untrained’’
value. Because only the bias and PD gains are available
in those networks (Table 1), other joints must be acquir-
ing behaviors that accommodate the new dynamics.
There are also noticeable differences in the kinematics of
the parameter variation runs. These show subtle but con-
sistent differences in the knee trajectories between
‘‘trained’’ and ‘‘untrained’’ (Figure 7), yet have no signifi-
cant differences in any of the knee weights. Again, this
suggests that the altered knee kinematics could be due to
changes in the kinematics of the hip joints, which have
networks that have a higher number of sensory inputs.
In the case in which sensor noise was added, both the
weights and the trajectories of individuals are very simi-
lar to the ‘‘untrained’’ runs, differing by more than one
standard deviation for only 4/42 weights. Finally, the
standard deviation of each weight tended to be larger in
trained individuals than in their untrained counterparts.

5.6 Generalizability of linear reactive control

Linear reactive control requires only sensor inputs, with
no restrictions on quantity or context. It is completely

independent of the type of robot, and can therefore be
applied to myriad form factors. It is also easily scalable.
New sensors and actuators can be added (or existing
sensors and actuators removed) with minimal changes
to the architecture of the controller, and no additional
design work. The mapping from sensors to actuators
simply needs to reflect this change in connections, and
then weights must be re-evolved. This makes the con-
troller cheap and easy to deploy.

Beyond this, a linear reactive controller can be
trained for robustness under any of the conditions
expected for its purpose. The randomization procedure
trains the controller not for specific values, but for an
entire, unpredictable range of values. This range can be
adjusted to suit the amount of uncertainty in the inter-
nal hardware and external environment in which the
robot will operate. We therefore see this method as a
very general control architecture, which could find use
in many applications.
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Appendix

Series-elastic actuator (SEA) parameters

Runs that included SEAs did not apply computed
torques directly to the joints shown in Figure 1.
Instead, torque was applied to a motor mass (the
‘‘rotor’’), which was connected to the joint through a

second-order connection. The torque applied to the
joint is therefore computed as

t = k(umotor � ujoint)+ c( _umotor � _ujoint)

This is shown visually in the schematic in Figure 11.
The SEAs used in section 3.4.1 use the parameters in

Table 2.

Figure 11. A schematic of the series-elastic actuator (SEA)
model. On each timestep, the difference between the positions
(and optionally, velocities) of the motor and joint are measured
and used to compute the torque applied to the joint through
the second-order connection.

Table 2. Series-elastic actuator (SEA) model parameters

kg N/m N/(m/s)
Rotor mass k c

Hip 0.27 413.68 1.70
Knee 0.22 10.18 0.50
Left ankle 0.09 14.80 0.10
Right ankle 0.16 22.83 0.06
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