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Artificial Whiskers Suitable for Array
Implementation: Accounting for Lateral Slip

and Surface Friction
Joseph H. Solomon and Mitra J. Z. Hartmann

Abstract—The exquisite tactile sensing ability of biological
whiskers has recently led to increasing interest in constructing
robotic versions with similar capabilities. Tactile extraction of
three-dimensional (3-D) object shape poses several unique chal-
lenges that have only begun to be addressed. The present study
develops a method for estimating the contact location of a robotic
whisker rotating against an object based on small changes in mo-
ment at the whisker base. Importantly, the method accounts for
lateral slip as well as surface friction, making it particularly well
suited for implementation on an array of robotic whiskers. Array
implementation would permit simultaneous extraction of multi-
ple contact points and enable highly parallel, efficient 3-D object
feature extraction. A simple, scalable array design is suggested to
fulfill this approach.

Index Terms—Biomimetic whisker, feature extraction, flexible
beam, tactile sensing.

I. INTRODUCTION

FACIAL and body whiskers serve as a remarkably sensitive
source of tactile information for many species of mammals

[1]–[16]. For example, harbor seals can use their facial whiskers
to track hydrodynamic trails, an ability thought to aid long-
distance prey tracking [6]. Behavioral experiments on rats have
shown that individual whiskers provide the fine-grained distance
discrimination sensitivity needed to sense aperture width [16].
Increased study of the biological function of whiskers has been
paralleled by an increasing interest in constructing their robotic
counterparts [17]–[23]. Robotic whisker arrays could be used in
a wide variety of applications, ranging from obstacle-avoidance
and navigation tasks that require only coarse sensing capabilities
to sensing tasks that push the limits of tactile discrimination, and
hence require engineers to construct systems that rival animals’
exquisite tactile sensitivity.

The simplest types of artificial whiskers are used as binary
contact detection sensors [24]–[26], which can be used in tasks
such as obstacle avoidance [27]. These types of whiskers have
been used successfully on several toys (e.g., the BioBug from
WowWee toys). Other researchers have explored the use of arti-

Manuscript received November 1, 2007; revised February 28, 2008. First
published September 23, 2008; current version published October 31, 2008.
This paper was recommended for publication by Associate Editor K. Iagnemma
and Editor F. Park upon evaluation of the reviewers’ comments. This work
was supported in part by the Bio-Inspired Technologies and Systems/CISM at
the National Aeronautics and Space Administration’s (NASA) Jet Propulsion
Laboratory and by the National Science Foundation (NSF) under Grants
IOB-0446391 and IIS-0613568.

The authors are with the Department of Biomedical Engineering and the
Department of Mechanical Engineering, Northwestern University, Evanston,
IL 60208 USA (e-mail: m-hartmann@northwestern.edu).

Digital Object Identifier 10.1109/TRO.2008.2002562

ficial whiskers for wall following [26], for terrain mapping [28],
to characterize surface texture [17], [18], [23], [28], [29] and sur-
face defects [30], to sense fluid flow profiles [22], and to inves-
tigate questions in neuroscience [22], [23], [29]. Most recently,
a whisker sensor was designed for precise three-dimensional
(3-D) measurement of heart position in robot-assisted beating
heart surgery [31].

An important feature of biological whiskers is their ability to
extract 3-D features, either of solid objects or of fluid flows. Sev-
eral studies have investigated how this capability might be repli-
cated in an artificial whisker array. Tsujimura and Yabuta [32]
showed that a stiff, insensitive probe attached to a six-axis
force/torque sensor can be used to measure probe–object con-
tact positions along 3-D objects. Russell [33] attached a curved,
binary whisker to a Puma robot to sweep along and estimate
object contours. Wilson and Chen [34] used a pneumatic bel-
low tube actuation system to sweep a flexible spring steel wire
whisker instrumented with strain gages at the base along objects
and estimate their profiles. Ueno et al. [35] measured the vibra-
tion frequencies of a flexible beam with a payload at the tip to
estimate contact point position with an object. Kaneko et al. [19]
actuate a flexible beam while measuring bending moment at the
base to determine contact distance based on the rotational com-
pliance. Russell and Wijaya [36] develop a geometric approach
to feature extraction using an array of eight rigid rods with angle
sensors. Scholz and Rahn [21] actuate a Nitinol whisker attached
to a mini load cell that measures both force and torque to achieve
continuous estimation of 2-D whisker shape, and thus, the sur-
face profile as it sweeps along objects. Clements and Rahn [37]
used a similar setup along with a two-axis robot to gather dis-
crete contact points while sweeping a whisker along unknown
objects. Kim and Möller [20] explore the advantages of using
multiple whiskers with the ability to measure both horizontal
and vertical deflections for shape recognition. Table I summa-
rizes several of the whisker sensor technologies that have been
successfully implemented and the way in which they were used.
In all cases, the actual sensing device resides at or near the base
of an insensitive beam (the “whisker”), and a motor is typically
used for actuation.

Despite the significant number of studies suggesting the pos-
sibility of 3-D feature extraction with whiskers, there are two in-
terrelated problems that have as yet prevented artificial whiskers
from being used in large, highly parallel, actuated arrays to sense
object features. The first problem is lateral slip, in which the
whisker slides out of its plane of rotation, thus preventing an
accurate measurement of object distance. The second problem,
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TABLE I
WHISKER SENSOR TECHNOLOGIES

which follows from the first, is that the extent of lateral slip
depends on the coefficient of friction, which, in general, is not
known and can vary greatly from object to object.

Both Kaneko et al. and Clements and Rahn [19], [37] inde-
pendently addressed the problem of lateral slip by sensing it,
and then, actively reorienting the plane of rotation until lateral
slip is eliminated. However, this method has serious drawbacks:
it requires adjustment of actuator orientation to keep the whisker
oriented perpendicular to the object, and also, generally requires
multiple rotations for each measurement of contact point loca-
tion. This is awkward in practice, and infeasible when arrays of
multiple whiskers are employed to contact the object.

We recently developed a method for contact point estima-
tion that is similar to [19], but includes passive accommodation
for lateral whisker slip along the object [22]. Although it was
demonstrated that our method allows detailed object feature ex-
traction with relatively modest hardware requirements, it was
not examined under general contact conditions of object surface
orientation, curvature, and friction. In the present manuscript,
we thoroughly investigate the method in such a general setting,
both analytically and experimentally.

We demonstrate the ability to quantify and passively accom-
modate for lateral slip of a rotating whisker in the presence of
friction. This permits us to accurately determine the contact lo-
cation with the object without having to reorient the rotation
plane of the whisker. These new results directly enable large-
scale implementation on an artificial whisker array actuated with

Fig. 1. There are two types of whisker slip. (a) Longitudinal slip. (b) Lateral
slip. Note that although here they are depicted independently, they can in general
occur simultaneously.

a single motor that may begin to mimic the ability of biological
systems.

II. MOTIVATION: THE PROBLEM OF LATERAL SLIP

One method for obtaining an estimate of 3-D object shape is to
determine where in 3-D space each whisker makes initial contact
with the object during the course of object exploration, and then
interpolate between the resulting collection of contact points
to approximate object shape [22]. If we define a cylindrical
coordinate system at the base of each whisker, the goal is to
estimate the value of each coordinate upon contact: (rc , θc , zc).
We first make the assumption that the plane of rotation for each
whisker is fixed at a given height zc . The variable θc can easily
be found by denoting the angle at which the moment or rate
of moment change measured at the base becomes nonzero or
crosses a threshold (assuming that any inertial effects will be
negligible or filtered out). Finally, we are left with the task of
estimating rc—a process we will refer to as radial distance
extraction.

As noted by Kaneko et al., the rotational compliance of a
flexible rod rotated against an “edged” or “point” object in-
creases as the distance to the object increases; in fact, if the rod
is cylindrical in shape, compliance is directly proportional to
object distance [19]. A minor complication known as longitudi-
nal slip occurs when the point of contact moves along the length
of the whisker, e.g., when the object is not a sharp edge, but in-
stead has a finite curvature in the plane of rotation (longitudinal
curvature), as depicted in Fig. 1(a). The result is a decrease in
the resulting rotational compliance and underestimation of con-
tact distance. However, Kaneko et al. also showed that (in the
absence of lateral slip; discussed next) the decreased
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compliance will be negligibly small unless the surface has ex-
tremely low curvature or contact occurred very close to the
whisker base [19].

A more significant complication arises when the object sur-
face is slanted relative to the plane of whisker rotation, as shown
in Fig. 1(b). In such cases, a phenomenon called lateral slip oc-
curs in which the point of contact slides along the periphery
of the object, the whisker bends outside the plane of rotation,
and the resulting compliance is greater than would have oc-
curred without slip, thus leading to an overestimation of con-
tact distance. Techniques developed independently by Kaneko
et al. [19] and Clements and Rahn [37] involve sensing the lateral
slip and actively reorienting the plane of rotation until the lateral
slip is eliminated, thus permitting straightforward calculation of
contact point location. The problem with this approach when im-
plemented on an array of robotic whiskers is that each whisker
requires an individual motor to tilt its plane of rotation. The
additional size, cost, and complexity requirements make such a
solution impractical, and encourages an alternative approach.

In the present paper, we develop a model for radial distance
extraction that senses lateral slip but then passively accounts for
its presence through a 2-D modification of the compliance rule
found by Kaneko et al. [19] to extract radial object distance.
The need to adjust the plane of rotation is effectively eliminated
as long as a reasonable estimate can be made for the friction
coefficient between the whisker and the surface. We quantify
analytically how the accuracy of the model degrades for differ-
ing friction conditions and object lateral curvatures, and suggest
movement strategies to mitigate these inaccuracies. The model
is experimentally validated, substantiating the reliability of the
analytical results. Finally, we suggest a simple array design ca-
pable of actuating an arbitrary number of robotic whiskers with
a single motor. In summary, the model demonstrates that dis-
tance extraction can be performed even in the presence of lateral
slip and friction, to permit reliable and efficient overall shape
extraction with a robotic whisker array.

III. DISTANCE EXTRACTION IN THE PRESENCE

OF LATERAL SLIP

A. Object Contact Along the Whisker Without Lateral Slip

The whisker is modeled as a straight, flexible beam rotating
with a fixed center of rotation and at a constant velocity. At
some point, the whisker comes into contact with an object, at
which time the task of finding the distance from the whisker base
to contact point arises. We assume that the object is rigid and
that the point of contact is fixed, discrete, and exists somewhere
along the length of the whisker (as opposed to the tip, a condition
that will be discussed later). In the case that slip is negligible, the
configuration of the whisker can be described in two dimensions,
as shown in Fig. 2.

Because only a small deflection is needed to sense the ro-
tational compliance, classical linear beam theory can be used.
The whisker rotates by a small pushing angle θ against an object
at radial distance dx , imposing a deflection dy . The resulting
bending moment mz at the base of the whisker is measured
by a torque sensor. Under these conditions, Kaneko et al. [19]

Fig. 2. Geometry of whisker deflection under no slip.

Fig. 3. A 3-D perspective view of the sensing plane.

showed that the rotational compliance kθ is directly proportional
to object distance, and can be expressed as:

dx = Ckθ (1)

where C = 3EI, E is the elastic modulus and I is the area
moment of inertia. Rotational compliance is defined as the ratio
of angular displacement to bending moment at the base, allowing
us to write:

dx = C
θ

mz
. (2)

B. Factors that Influence the Magnitude of Lateral Slip

When orientation of the object is not perpendicular to the
plane of rotation at the contact point, lateral slip may occur,
in which case the contact point will drag along the periphery
of the object, as shown in Fig. 1(b). The resulting rotational
compliance will be greater than when lateral slip does not occur,
causing (2) to overestimate dx .

Quantifying lateral slip is aided by analysis of the sensing
plane [19], illustrated in Fig. 3. The sensing plane is an imagi-
nary 2-D projection of the region where the whisker is touching
the object, coplanar to the y–z plane (for small θ) and inter-
secting the contact point. In Fig. 3, the dashed line indicates the
initial contact point, the dotted line indicates the current con-
tact point, and the dash-dotted line indicates where the whisker
would intersect the sensing plane were it not obstructed by the
surface-–the so-called “virtual point” [19]. A basic geometrical
analysis of the relationships between variables in the sensing
plane is sufficient to derive a modified form of (2) that accounts
for the lateral slip. We will derive this modified equation in
Section III-C.

There are specific parameters at the region of contact that
affect if and how lateral slip occurs. Those parameters are as
follows:
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Fig. 4. A geometrical description of the sensing plane.

1) the slope of the object surface at the contact point within
the sensing plane;

2) the curvature of the object surface at the contact point
within the sensing plane. In analogy to the term lateral
slip, we refer to this quantity as lateral curvature; and

3) the frictional properties between the whisker and the
object.

In the results that follow, we will develop an equation for dis-
tance extraction that directly takes into account the slope of the
surface at the contact point in the sensing plane. It will be shown
that the lateral curvature has only a mildly detrimental impact
on distance extraction in most cases as long as θ is sufficiently
small. Friction can present some difficulties, although there are
ways to address them, which will be discussed.

C. Accounting for Lateral Slip

In the derivation that follows, we assume that lateral slip oc-
curs in the absence of significant concurrent longitudinal slip
(as depicted in Fig. 3), the implications of which are addressed
in Section VII. We also assume that the lateral curvature is zero
(i.e., the surface is locally flat), and that traditional Coulomb
friction exists between the whisker and the surface. Because
this is a quasi-static analysis, any possible discrepancies be-
tween static and kinetic friction coefficients are assumed to be
negligible.

Fig. 4 defines the relevant variables projected on the sensing
plane. It geometrically predicts the slip distance σ of the whisker
along the object, depending on the local surface slope β in the
sensing plane and the friction cone angle α. Slip will not occur
when α ≥ β because in this case no movement of the contact
point is required to keep the contact force f within or on the
boundary of the friction cone, and the resulting slip angle φ will
be zero. Conversely, when α < β, the contact point will slip just
enough to enable static equilibrium, resulting in a contact force
angle of β − α.

Summarizing, we have

if
{

α ≥ β, φ = 0
α ≤ β, φ = β − α

(3)

which can be expressed more compactly as

φ = max(0, β − α). (4)

Notice that the overall linear deflection d is now split into two
components: dz and dy . This means that to sense lateral slip,
the torque sensor at the base of the whisker must be equipped to
measure out-of-plane bending of the whisker, that is, bending
moment my . For small angles, the distance between the virtual
point and the initial contact point is simply the contact distance
dx multiplied by θ. Following the geometry of Fig. 4, it can be
shown that the slip distance σ along the object is

σ =
dxθ

sin β + cos β cot φ
. (5)

Using this model of lateral slip, we seek an equation anal-
ogous to (2) that will allow determination of the distance dx

based on known and measurable variables: E, I , θ, mz , and
my . Analysis of Fig. 4 along with application of some basic
cantilever beam analysis (see Appendix A) yields the following
result:

dx = C
θ

mz + my tan β
. (6)

Unfortunately, there is no way to reliably estimate the surface
slope β in the presence of unknown friction. The most straight-
forward concession that can be made to arrive at a solution is to
assume or estimate some nominal friction coefficient µest . First,
we note that

αest = tan−1(µest) (7)

and that φ can be directly measured as

φ = tan−1
(

my

mz

)
. (8)

If we now assume that αest ≤ βest , βest can easily be com-
puted using (3):

βest = φ + αest . (9)

Replacing the unknown surface slope β from (6) with βest
yields

dx = C
θ

mz + my tan βest
. (10)

Note that (10) is reliable even when αest > βest [contrary to
the assumption made in (9)] because in this case, my = 0 and
the term my tan βest becomes zero as well.

One obvious situation to consider is that of frictionless con-
tact, resulting in βest = φ and thus

dx = C
θ

mz + m2
y /mz

(11)

which can alternatively be written as

dx = C
θ

|m| cos φ (12)

where |m| =
√

m2
z + m2

y as in [22].

In the following section, the two most significant potential
sources of distance extraction error are addressed analytically,
namely, discrepancy between αest and the true α, and lateral
curvature of the object surface.
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IV. POTENTIAL SOURCES OF DISTANCE EXTRACTION ERROR

A. Unknown Friction Coefficient

Distance extraction using (10) requires an estimate of the
friction coefficient between the whisker and the surface. In order
to characterize how discrepancy between αest and the true α
results in distance extraction error, we return to the lateral slip
model of Fig. 4 to obtain (see Appendix A):

mz =
Cθ

dx

(
1

tan β tan φ + 1

)
(13)

my =
Cθ

dx

(
1

tan β + cot φ

)
. (14)

Equations (13) and (14) along with (4) define how mz and my

will increase as the whisker rotates against a slanted surface as a
function of α and β. Thus, assuming some estimate of friction
cone angle αest , we can numerically compute the surface slope
βthresh at which at a given percentage of distance extraction
error (an “error threshold”) is incurred for a range of actual
friction cone angles α. βthresh can in principle range between
0◦ (vertical) and 90◦ (horizontal). The larger βthresh is, the more
reliable the distance extraction is in the presence of a complex
and/or arbitrarily oriented object.

Fig. 5(a)–(c) shows the relation between βthresh and α for
αest = 0◦, 10◦, and 20◦, respectively. The surface slope at
1%, 5%, and 10% error thresholds for distance extraction us-
ing (2) and (10) are represented by dashed lines and the solid
lines, respectively. Naturally, as the error threshold increases, so
does βthresh for both distance extraction equations. However,
Fig. 5(a) shows that (10) is always equally or more accurate
than (2) when αest = 0◦, with the relative advantage becoming
progressively more significant with increasing error threshold
level. The advantage of (10) over (2) is even more pronounced
when a reasonable guess can be offered for αest . So long as αest
falls within a moderate range of α, distance extraction will be
accurate even for steep surface slopes. For example, Fig. 5(b)
tells us that if αest = 10◦, distance extraction will be accurate
to within 5% so long as α ranges between 8.2◦ and 11.7◦ and
β ≤ 60◦, or to within 10% so long as α ranges between 7.8◦ and
12.3◦ and β ≤ 70◦.

B. Lateral Curvature of the Object Surface

Equation (10) assumes that the surface being contacted has
a lateral curvature of zero. Although this at first may seem to
be a restrictive assumption, one must consider the effect of
curvature within the scale of the contact distance. The radius of
curvature rκ scaled relative to the contact distance dx , defines
the normalized lateral curvature as

κn =
dx

rκ
(15)

and thus, the normalized radius of curvature as rn = 1/κn . The
smaller κn is, the flatter the surface effectively is. Note, how-
ever, that the effect of curvature on distance extraction must be
considered in the context of three additional variables: θ and α,

Fig. 5. Error threshold analysis for maximum allowable surface slope given
particular deviations between α and αest with (a) αest = 0◦. (b) αest = 10◦.
(c) αest = 20◦. βthresh is the surface slope at which at a given percentage of
distance extraction error is incurred for a range of actual friction cone angles
α. Dashed lines represent βthresh calculated using (2). Solid lines represent
βthresh calculated using (10).

as defined earlier, and also, β0—the surface slope in the sensing
plane at the initial contact point. To understand the interplay
between these variables, we may refer to error threshold plots
similar to those in Fig. 5, but now with rn as the independent
variable (see Appendix B for derivation).

Fig. 6(a)–(c) plots the maximum allowable β0 (βthresh)
as a function of rn that keeps distance extraction error
under 1%, 5%, and 10%, respectively. Each plot shows
these relationships for three different pushing angles: θ =
1◦, 3◦, and 5◦. As expected, βthresh always increases with
increased error threshold and with increased rn (surface
flatness).

Interestingly, Fig. 6 illustrates that friction has an overall neg-
ligible impact, while in contrast, increasing θ has a significantly
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Fig. 6. Error threshold analysis for maximum allowable surface slope given
particular normalized lateral radii of curvature and (a) 1% error. (b) 5% error.
(c) 10% error. Dashed lines are for contact with α = αest = 0◦, and solid lines
are for contact with α = αest = 20◦.

detrimental impact. The reason for this goes back to the issue
of scale—a larger θ will result in a larger slip relative to any
given rn , and thus, more deviation from the assumption of a
flat surface. As a practical issue, the benefit of using a small
θ to guard against lateral curvature must be balanced against
the decreased reaction torque at the whisker base that will re-
sult. Generally speaking, θ should be chosen to be as small as
possible while still ensuring a sufficient reaction torque to al-
low accurate distance extraction when contact occurs near the
whisker tip.

Overall, Fig. 6 shows that the consequence of lateral curvature
is relatively mild. For example, given a significantly curved
surface with rn = 1 and a realistic pushing angle of θ = 3◦, a
β0 of 63◦ will result in 5% distance extraction error and a β0 of
74◦ will result in 10% error. Increasing θ to 5◦ would decrease
the maximum β0 to 52◦ and 65◦, respectively.

Fig. 7. (a) Whisker follicle. (b) Experimental setup for model validation
experiment.

V. MODEL VALIDATION

Experimental validation of the lateral slip model was per-
formed. The artificial whisker used for these experiments had
two components: a flexible beam (the “vibrissa”) and a two-axis
torque sensor (the “follicle”) [see Fig. 7(a)].

The vibrissa is a straight superelastic Nitinol wire, 1 mm in
diameter and 10 cm in length, with a small setscrew attached
at the base. The relatively thick wire diameter was chosen to
ensure a strong torque signal to sense small lateral deflections;
generally, much thinner whiskers can be used. The setscrew al-
lows different size and shape vibrissa to be easily interchanged
within the follicle. The follicle is a small aluminum block
(4 × 4 × 8 mm) with the center tapped to match the setscrew at
the base of the vibrissa. Each of the four faces of the follicle is
fitted with a strain gage, allowing independent measurement of
mz and my , and the follicle itself is attached to a larger setscrew
to allow easy connection to an array. For these experiments, the
array was simply a vertically oriented aluminum bar with a se-
ries of threaded holes, which allowed whiskers to be configured
in a single column (see Section VI). The array was attached to
an AC servomotor at the base for actuation. The most important,
but not essential, feature of the present design is that it positions
the base of the vibrissae (and the tips of their follicles) at the
center of rotation, thus conforming to the model as expressed
in (13) and (14). Equations (13) and (14) could be modified to
account for noncenter rotation (similar to [20]), but that was not
tested in the present experiments.

The experiment involved rotating the whisker against a slen-
der stainless steel bar [see Fig. 7(b)] at a variety of surface
slopes: from β = 0◦ (vertical) to 75◦ (nearly horizontal) in 5◦

increments (similar to [20]), and at two different speeds: θ̇ =
10◦/s and 90◦/s. Signals from the follicle strain gages were first
calibrated from voltage to moment. The my component was
calibrated by rotating the whisker against the bar with β = 0◦ at
a radial distance of dx = 5 cm. Ten whisks were performed at
both θ̇ = 10◦/s and 90◦/s. The location at which the whisker gen-
tly touched the bar was defined as θ = 0◦. Whisker trajectories
were chosen to ensure a smooth acceleration to the maximum
velocity. For θ̇ = 10◦/s, the whisker was rotated through a range
of −3◦ to 12◦, while for θ̇ = 90◦/s, an expanded range of −15◦

to 20◦ was used. All data were filtered at 800 Hz, sampled at
2000 Hz, and passed through a zero-phase digital filter with
a cutoff frequency of either 5 Hz (for θ̇ = 10◦/s) or 45 Hz
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Fig. 8. Experimental results for stainless steel surface and (a) θ̇ = 10◦/s, (b) θ̇

= 90◦/s, and for sandpaper surface with (c) θ̇ = 10◦/s, (d) θ̇ = 90◦/s. Error bars
are standard deviations. Solid lines are LMS fits, calculated as described in the
text.

(for θ̇ = 45◦/s). Using (2) along with a pushing angle θ = 3◦,
we arrive at a calibration factor between voltage and moment
my . The follicle was then rotated 90◦ and the calibration process
repeated for mz .

Experimental data were gathered in the same way as the
calibration process, but for varying β. For each β, the plane
of the bar was perpendicular to the orientation of the whisker
at θ = 0◦. Fig. 8(a) and (b) plots |m| and φ versus β for the
two different whisking velocities. Units for |m| are EI/meters,
that is, equivalent to EI · κ since κ = m/EI . Fig. 8(c) and (d)
is the same as Fig. 8(a) and (b), except that a rough surface
was tested by covering the object surface with 180 grit (fine)
sandpaper. The sandpaper was replaced for each β to prevent
wear from affecting the results. Least-mean-square (LMS) fits
were performed on the experimental data sets. Specifically, LMS
fits were performed on the sum of the squares of (13) and (14)
with αest as the free parameter. Absolute value of the moment

was then calculated as |m| =
√

m2
z + m2

y , and φ was calculated

from (8).
Fig. 8(a) demonstrates that an excellent fit between model

and experiment was obtained for whisking against the steel
rod at 10◦/s, for an estimated value of friction cone angle
αest = 10.5◦. At 90◦/s [see Fig. 8(b)], the data again con-
forms well to the model, the fit yielding αest = 12.3◦, but
the measurement variability is significantly higher. The in-
creased variability is likely due to dynamic effects, namely,
vibrations, starting to become significant, though this was not
confirmed.

Fig. 8(c) and (d) illustrates the phenomenon of stick–slip fric-
tion in which the whisker irregularly switches between periods
of no slip, smooth slip, and sudden, abrupt slip. This led to a
high level of variability in the data obtained at θ̇ = 10◦/s, but had
a smaller effect at θ̇ = 90◦/s. The difference is likely due to the
well-known sensitivity of stick–slip behavior to velocity. The
fits to θ̇ = 10◦/s and 90◦/s yielded 23.3◦ and 18.7◦, respectively,
for αest .

VI. ARRAY DESIGN

Although the results presented here have specifically ad-
dressed radial distance extraction with a single whisker, they
are particularly relevant to implementation on an array of
robotic whiskers. Because the proposed method allows ra-
dial distance extraction to be performed in the presence of
lateral slip, multiple whiskers can be configured into arrays
wherein their relative base positions and planes of rotation
are fixed. Hence, the method enables the synchronous move-
ment of multiple whiskers against an arbitrarily shaped and
oriented object to efficiently collect multiple contact points,
which can be processed in parallel to extract complex surface
features [22].

Because whisking often involves the rotation of multiple
whiskers in close synchrony, a desirable property of a whisker
array is the need for only a single motor for actuation. In [17],
a servomotor is used to move a flexible membrane, through
which the base region of multiple whiskers is threaded, thus
allowing a 40◦ whisking amplitude. In [20], a DC motor con-
nects to a support plate upon which multiple whiskers are at-
tached at varying angles. As mentioned in Section V, the present
model requires that each whisker rotate about its cantilevered
base—where the moment sensor resides—necessitating a dif-
ferent design than [17] and [20]. Our solution was to mill an
aluminum cylinder down to a slender plank except for the re-
gion at the base, where a hole is drilled for attachment to an AC
servomotor. Several holes were then drilled through the plank
and threaded for attachment of the whiskers. Fig. 9 shows the
entire array along with four whiskers, similar to the one used in
the previous experiments [see Fig. 7(a)].

In order to actuate multiple columns of whiskers, a sim-
ple solution is to use a classic multibar linkage system, such
as the one used in [28], thus allowing for the actuation of
an arbitrarily sized grid of whiskers, still using only a single
motor.
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Fig. 9. Array design for a single column of whiskers.

VII. DISCUSSION

This paper has demonstrated that reorientation of the whisk-
ing plane is not necessary for reliable measurement of contact
point location, thus opening the possibility for whisker arrays
of simple mechanical design capable of detailed 3-D feature
extraction. In order to perform accurate feature extraction with
objects of arbitrary shape and orientation, a reasonable estimate
of the friction coefficient between the whisker and the object
is beneficial. In many cases, it may be reasonable to assume
that the environment is composed of mostly smooth surfaces,
in which case an estimate of µest = 0.18 (αest = 10◦) should
be reasonable, as indicated in by the fits in Fig. 8 (a) and (b). If
that assumption is inaccurate and the surface is rough, say with
α = 20◦, then Fig. 5(b) tells us that distance extraction will re-
main accurate to within 10% error as long as the surface slope β
is less than about 45◦ (also depending on the normalized lateral
curvature κn and pushing angle θ, as shown in Fig. 6).

If a more reliable estimate is desired, there are a few possible
solutions, as follows.

1) If the orientation of the entire whisker array can be tilted
along the x-axis of any particular whisker, whisks would
be performed against the object at a variety of orientations,
effectively adjusting the relative surface slope. The range
of slopes for which φ = 0◦ would be equal to 2α (the
accuracy depending on how gradually the orientation was
adjusted). This essentially amounts to an in-field test of
the object to determine the friction coefficient. Note that
this change in orientation occurs for the entire array (not
for each individual whisker) and only needs to be done
when a new estimate of friction is desired.

2) Have the array explore the object, and repeat the feature
extraction algorithm (the transformation of contact points
into 3-D object shape, e.g., splining [22]) using a range
of friction coefficients. The one that leads to the most
consistent contact point positions and thus the smoothest
surface is kept.

3) Have the array whisk against the object at a variety of
array orientations. All the contact points sampled are given
a confidence measure related to φ, such that points with
large φ are ignored or have less influence on the feature
extraction algorithm.

Methods 1 and 2 assume that the friction coefficient is con-
stant over the entire object, while method 3 does not.

Another problem involves the occurrence of stick–slip in
which the coefficient of static friction is significantly greater
than that of kinetic friction (which the model assumes are the
same). However, we have shown experimentally that stick–slip
is reduced by whisking quickly (e.g., 90◦/s), a behavior that is
also desirable for the sake of sensing an object quickly, as rats
are able to do.

Other potential sources of distance extraction error include
the following.

1) Simultaneous longitudinal and lateral slip: The analysis
performed in this paper assumes that no longitudinal slip
occurs along with the lateral slip. However, this assump-
tion is not always valid. Consider the case in which the
object shown in Fig. 3 is tilted by an angle ψ either toward
or away from the motor instead of oriented vertically. This
could cause simultaneous lateral and longitudinal slip, de-
pending on the friction conditions and particular values of
β and ψ. Additional analyses are required to quantify the
effect on distance extraction, but it should be small unless
both β and ψ are large.

2) Object compliance: A solution is offered in [19] in which
two whisks are performed on the object from two differ-
ent distances, and the difference in whisker compliance
reveals both the contact distance and a measure of the
object compliance.

3) Multipoint contact: This should be rare even for complex
objects because it would require two distinct point along
the object’s surface to closely line up along the initial
contact orientation of the whisker. As the pushing angle
θ becomes smaller, this situation becomes increasingly
unlikely.

4) Moving objects: Most environments are static on the tem-
poral scale over which exploration is likely to occur. Also,
if the environment is moving, its velocity is often negligi-
ble relative to the whisking speed θ̇. Because the whiskers
have very little mass, they can move very rapidly (in rats,
up to 1500◦/s [3]).

One final issue involves contact occurring at the whisker tip.
Such cases may result in decreased rotational compliance, caus-
ing (6) to estimate dx to be greater than the whisker length. The
solution is to simply give dx a threshold equal to the whisker
length [22]. It is also worth noting that regions of an object that
are concave with respect to the plane of whisker rotation can
only be sampled through tip contact if the whisker is straight.
Tip contact is thus actually desirable for two reasons: it po-
tentially helps provide a very precise measurement of contact
distance (since the whisker length is exactly known), and it
allows concave regions of an object to be sampled.

We point out that the method presented here is not limited
to the case of a cylindrical whisker. In general, moment can be
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related to pushing angle by a monotonically decreasing stiffness
function that depends on the shape and elastic modulus of the
whisker [22]. This allows us to write (12) in the more general
form:

dx = ν(θ, |M |) cos φ (16)

where ν(θ, |M |) is the distance extraction equation for the
whisker in the case of no lateral slip and φ is from (8). For
the case of a conical beam, which is a good approximation for
a rat whisker [22], we have:

dx =
CθL

Cθ + |M |L cos φ, (17)

where L is the base-to-tip whisker length.

VIII. CONCLUSION

We have demonstrated the effectiveness of a method to mea-
sure contact point location with an artificial whisker in the pres-
ence of significant lateral slip and surface friction. The method
requires only that the whisker be equipped with a two-axis torque
sensor at the base, and works best when a reasonable estima-
tion for the object’s friction coefficient is available. The biggest
advantage of this method is that it does not require that each
whisker can independently adjust its plane of rotation, and is
thus very amenable to implementation on a large-scale array.
The effects of inaccurately estimating surface friction and lat-
eral curvature were quantified. The next step is to construct a
large (perhaps 5 × 5) whisker array, and show that it can be
used to quickly and consistently extract complex object features
using only a small number of whisks.

APPENDIX

A. Derivation of Distance Extraction Model (6)

Equation (2) provided a relation between bending moment at
the whisker base mz , the radial distance dx , and the pushing
angle θ:

dx = C
θ

mz
. (2)

Now, referring to Fig. 2, it is clear that θ = tan(dy/dx). For
small angles, θ = dy/dx , which we plug into (2) to obtain:

mz = C
dy

d2
x

. (18)

Note that this equation holds when lateral slip occurs (see
Fig. 4) because it simply relates moment in the z-direction to
radial distance dx and deflection in the y-direction, none of
which are affected by independent deflection of the whisker
in the z-direction (dz ). By symmetry, the same linear scaling
between mz and dy also holds for my and dz :

my = C
dz

d2
x

. (19)

Furthermore, from Fig. 4, it is clear that

tan β =
dxθ − dy

dz
. (20)

Fig. 10. Geometrical description of the sensing plane with lateral object
curvature.

Combining (18)–(20) and solving for dx yields:

dx = C
θ

mz + my tan β
. (6)

Further inspection of Fig. 4 reveals

tan φ =
dz

dy
. (21)

Combining (18), (20), and (21) and solving for mz yields:

mz =
Cθ

dx

(
1

tan β tan φ + 1

)
. (13)

Combining (19)–(21) and solving for my yields:

my =
Cθ

dx

(
1

tan β + cot φ

)
. (14)

B. Derivation of Slip Behavior in Presence of Lateral Curvature

Fig. 10 is a sensing plane diagram for the whisker rotating
against a circle with initial contact point (yc , zc ) relative to the
center. Of course, the object need not literally be a circle; what
matters is that any point along a (2-D) surface can be uniquely
characterized by a single radius of curvature. Throughout this
derivation, all distance units are normalized by contact distance
dx .

We seek to characterize the performance of (6) as a function
of four independent variables: rn , θ, α, and β0 . That is, we
need to find expressions for mz and my as functions of these
variables. The first step is to observe the conspicuous relations{

mz = d cos φ
my = d sinφ.

(22)

This immediately shifts our task to finding expressions for
d and φ. As before, the whisker will laterally slip only if the
initial contact angle is less than the friction cone angle, in which
case the contact force will remain at the edge of the friction
cone. Because the surface curvature now allows the contact
angle to change, we modify (3) by replacing β with the angle
ζ (defined in Fig. 10) and noting that the constraint on slipping
now depends on β0 , the surface slope in the sensing plane at the
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initial contact point:

if

{
α ≥ β0 , φ = 0
α ≤ β0 , φ = ζ − α.

(23)

Equation (23) can be reduced to

φ = max(0, ζ − α) (24)

because ζ > β0 for any finite pushing angle θ.
To solve for φ requires that we express ζ in terms of the

independent variables; so, again examining Fig. 10, we find:

ζ = tan−1
(

zc

yc − θ

)
. (25)

The denominator of (25) may seem puzzling unless it is re-
called that each term has been normalized by contact distance
dx , so that yc and θ are both unitless. To find expressions for yc

and zc , we again refer to Fig. 10 to find

r2
n = y2

c + z2
c (26)

and

tan β0 =
zc

yc
. (27)

Equations (26) and (27) are combined to yield:


yc =
rn√

tan2 β0 + 1

zc =
rn tan β0√
tan2 β0 + 1

.
(28)

Inserting (28) into (25), we obtain

ζ = tan−1

(
rn tan β0

rn − θ
√

tan2 β0 + 1

)
(29)

which can be inserted into (24) to find φ.
Now seeking an expression for d, we apply the Pythagorean

Theorem to Fig. 10:

r2
n = (p cos ζ + d cos φ)2 + (p sin ζ + d sin φ)2 . (30)

Solving (30) for d

d =

√
r2
n − p2

2
(1 − cos (2 (ζ − φ))) − p cos (ζ − φ) (31)

where p can be found using the Pythagorean Theorem:

p =
√

(yc − θ)2 + z2
c . (32)

Finally, (28), (29), (31), and (32) can be combined to express
d as a function of the independent variables, though we were
unable to obtain a compact expression.
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